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K. Tywoniuk (CERN)

OUTLINE

𝟙) Jet physics in vacuum 

𝟚) Interactions with the medium 

𝟛) Energy loss
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𝟙) JET PHYSICS IN VACUUM
• basics 

• parton splitting 

• angular ordering 

• leading-logarithmic behavior
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QCD: QUARKS AND GLUONS

• keep in mind: we observe hadrons! 

• quarks and gluons are DOF’s in perturbation theory!
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Theory of quarks (fermions) and gluons (bosons) and their 
interactions.  

Work in physical gauge (no ghosts). 

Most important for the physics of this lecture…
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QCD FACTORIZATION

• jet/hadron production 

• separation of processes 

- short-distance (perturbative) 

- long-distance (non-perturbative) 

• hard matrix element 

• corrections suppressed ~1/Q2
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parton distribution functions fragmentation function

These lectures will deal with the final-state evolution  
(tomorrow: interactions, etc…)
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How can we make sense of these “images”?
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GLUON PROPAGATOR
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M({pout}, {pin}) =
Z

d4p1
(2⇡)4

d4p0
(2⇡)4

(2⇡)4�(pin � p0)(2⇡)
4�(p1 � pout)

⇥ Vµ({pout}, p1)Gµ⌫(p1, p0)V⌫(p0, {pin})
<latexit sha1_base64="sMM40YPrhys6Cz+mhRcNdt+xX3w="></latexit><latexit sha1_base64="sMM40YPrhys6Cz+mhRcNdt+xX3w="></latexit><latexit sha1_base64="sMM40YPrhys6Cz+mhRcNdt+xX3w="></latexit><latexit sha1_base64="sMM40YPrhys6Cz+mhRcNdt+xX3w="></latexit><latexit sha1_base64="sMM40YPrhys6Cz+mhRcNdt+xX3w="></latexit>

p1
<latexit sha1_base64="1t3I238aNDxhVe2V1vsvcc2/W2g="></latexit><latexit sha1_base64="1t3I238aNDxhVe2V1vsvcc2/W2g="></latexit><latexit sha1_base64="1t3I238aNDxhVe2V1vsvcc2/W2g="></latexit><latexit sha1_base64="1t3I238aNDxhVe2V1vsvcc2/W2g="></latexit><latexit sha1_base64="1t3I238aNDxhVe2V1vsvcc2/W2g="></latexit>

p0
<latexit sha1_base64="yaRhcYp46oHZH7TXtNimTa+bu4g="></latexit><latexit sha1_base64="yaRhcYp46oHZH7TXtNimTa+bu4g="></latexit><latexit sha1_base64="yaRhcYp46oHZH7TXtNimTa+bu4g="></latexit><latexit sha1_base64="yaRhcYp46oHZH7TXtNimTa+bu4g="></latexit><latexit sha1_base64="yaRhcYp46oHZH7TXtNimTa+bu4g="></latexit>

(2⇡)4�(pin � p0) = (2⇡)3�(~pin � ~p0)

Z 1

�1
dt0 e

�i(p�
in�p�

0 )t0

<latexit sha1_base64="+zLqKGDdMFcqNty+zjiJxQXaQHQ="></latexit><latexit sha1_base64="+zLqKGDdMFcqNty+zjiJxQXaQHQ="></latexit><latexit sha1_base64="+zLqKGDdMFcqNty+zjiJxQXaQHQ="></latexit><latexit sha1_base64="+zLqKGDdMFcqNty+zjiJxQXaQHQ="></latexit><latexit sha1_base64="+zLqKGDdMFcqNty+zjiJxQXaQHQ="></latexit>

• how do particles move from one vertex to another: propagator 

• our example: gluons (quarks are completely analogous) 

• play with momentum conservation: trade for time information
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A NOTE ON NOTATION
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p = (p0,p, p3)

= (p+, p�,p)
<latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit><latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit><latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit><latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit><latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit>

p · k = p+k� + p�k+ � p · k
<latexit sha1_base64="PoPCkjVOLXdkTS2K7YyN+Y0mZfg="></latexit><latexit sha1_base64="PoPCkjVOLXdkTS2K7YyN+Y0mZfg="></latexit><latexit sha1_base64="PoPCkjVOLXdkTS2K7YyN+Y0mZfg="></latexit><latexit sha1_base64="PoPCkjVOLXdkTS2K7YyN+Y0mZfg="></latexit><latexit sha1_base64="PoPCkjVOLXdkTS2K7YyN+Y0mZfg="></latexit>

d⌦p ⌘ dk+ d2k

(2⇡)3 2p+
<latexit sha1_base64="u20sDA2zGyZYfg9khG3s7PqtabI="></latexit><latexit sha1_base64="u20sDA2zGyZYfg9khG3s7PqtabI="></latexit><latexit sha1_base64="u20sDA2zGyZYfg9khG3s7PqtabI="></latexit><latexit sha1_base64="u20sDA2zGyZYfg9khG3s7PqtabI="></latexit><latexit sha1_base64="u20sDA2zGyZYfg9khG3s7PqtabI="></latexit>

p+ =
1

2
(p0 + p3)

<latexit sha1_base64="ajArUT2wZnOAmjJlOCjoDEklw4Y="></latexit><latexit sha1_base64="ajArUT2wZnOAmjJlOCjoDEklw4Y="></latexit><latexit sha1_base64="ajArUT2wZnOAmjJlOCjoDEklw4Y="></latexit><latexit sha1_base64="ajArUT2wZnOAmjJlOCjoDEklw4Y="></latexit><latexit sha1_base64="ajArUT2wZnOAmjJlOCjoDEklw4Y="></latexit>

p� = p0 � p3
<latexit sha1_base64="sANh1sglCJKXT2MTU7s98pSGIpc="></latexit><latexit sha1_base64="sANh1sglCJKXT2MTU7s98pSGIpc="></latexit><latexit sha1_base64="sANh1sglCJKXT2MTU7s98pSGIpc="></latexit><latexit sha1_base64="sANh1sglCJKXT2MTU7s98pSGIpc="></latexit><latexit sha1_base64="sANh1sglCJKXT2MTU7s98pSGIpc="></latexit>

Light-cone momenta/coordinates:

Scalar product becomes:

Boost-invariant PS element:

t $ x+
<latexit sha1_base64="lnzMJX8l8s15gPQIAhd91YE1V2w="></latexit><latexit sha1_base64="lnzMJX8l8s15gPQIAhd91YE1V2w="></latexit><latexit sha1_base64="lnzMJX8l8s15gPQIAhd91YE1V2w="></latexit><latexit sha1_base64="lnzMJX8l8s15gPQIAhd91YE1V2w="></latexit><latexit sha1_base64="lnzMJX8l8s15gPQIAhd91YE1V2w="></latexit>

E $ p+
<latexit sha1_base64="MKogq2H/jZriDDy5DR3QdCiRptg="></latexit><latexit sha1_base64="MKogq2H/jZriDDy5DR3QdCiRptg="></latexit><latexit sha1_base64="MKogq2H/jZriDDy5DR3QdCiRptg="></latexit><latexit sha1_base64="MKogq2H/jZriDDy5DR3QdCiRptg="></latexit><latexit sha1_base64="MKogq2H/jZriDDy5DR3QdCiRptg="></latexit>

Shorthand:

p = (p0,p, p3)

= (p+, p�,p)
<latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit><latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit><latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit><latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit><latexit sha1_base64="NxuY4mQkMu0QIt8DD/2vwk1C8Cg="></latexit>
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VACUUM PROPAGATOR
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Gµ⌫(p1, p0) = (2⇡)4�(p1 � p0) d
µ⌫(p)

�i

p2 + i✏
<latexit sha1_base64="GiWSFsOHjfE8dZJbiZxeLUFSuX8="></latexit><latexit sha1_base64="GiWSFsOHjfE8dZJbiZxeLUFSuX8="></latexit><latexit sha1_base64="GiWSFsOHjfE8dZJbiZxeLUFSuX8="></latexit><latexit sha1_base64="GiWSFsOHjfE8dZJbiZxeLUFSuX8="></latexit><latexit sha1_base64="GiWSFsOHjfE8dZJbiZxeLUFSuX8="></latexit>

dµ⌫(p) =
X

�

(�1)�+1"µ�(p)"
⇤,⌫
� (p) = gµ⌫ � pµn⌫ + p⌫nµ

p · n

= dµ⌫(p) + dµi(p)di⌫(p)| {z }
dµ⌫
L (p)

+dµ⌫T (p)

<latexit sha1_base64="1xwkjF0Y3EVlJOerPhIAg1Xv46Y="></latexit><latexit sha1_base64="1xwkjF0Y3EVlJOerPhIAg1Xv46Y="></latexit><latexit sha1_base64="1xwkjF0Y3EVlJOerPhIAg1Xv46Y="></latexit><latexit sha1_base64="1xwkjF0Y3EVlJOerPhIAg1Xv46Y="></latexit><latexit sha1_base64="1xwkjF0Y3EVlJOerPhIAg1Xv46Y="></latexit>

n ·A = A� = 0
<latexit sha1_base64="bpTu2wlItFT7EjRsPnmKnhULsEM="></latexit><latexit sha1_base64="bpTu2wlItFT7EjRsPnmKnhULsEM="></latexit><latexit sha1_base64="bpTu2wlItFT7EjRsPnmKnhULsEM="></latexit><latexit sha1_base64="bpTu2wlItFT7EjRsPnmKnhULsEM="></latexit><latexit sha1_base64="bpTu2wlItFT7EjRsPnmKnhULsEM="></latexit>

Light-cone (physical) gauge:

d��
L (p) = � p2

(p+)2

d��
T (p) = � p2

(p)+
, d�i

T (p) = � pi

p+
, dijT (p) = ��ij .

<latexit sha1_base64="EU7ncPX0vV/V7NLh5qD6qevVif0="></latexit><latexit sha1_base64="EU7ncPX0vV/V7NLh5qD6qevVif0="></latexit><latexit sha1_base64="EU7ncPX0vV/V7NLh5qD6qevVif0="></latexit><latexit sha1_base64="EU7ncPX0vV/V7NLh5qD6qevVif0="></latexit><latexit sha1_base64="EU7ncPX0vV/V7NLh5qD6qevVif0="></latexit>

Non-vanishing 
components:
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Z
dp�

2⇡
e�ip�(t1�t0) = �(t1 � t0)

<latexit sha1_base64="ovVSKuRZKTaUzqPDgVeFMcoYe4g="></latexit><latexit sha1_base64="ovVSKuRZKTaUzqPDgVeFMcoYe4g="></latexit><latexit sha1_base64="ovVSKuRZKTaUzqPDgVeFMcoYe4g="></latexit><latexit sha1_base64="ovVSKuRZKTaUzqPDgVeFMcoYe4g="></latexit><latexit sha1_base64="ovVSKuRZKTaUzqPDgVeFMcoYe4g="></latexit>

Longitudinal modes

• non-propagating (instantaneous) modes 

• absorbed into higher-order vertices (e.g. 4-point vertex)

×

p�
<latexit sha1_base64="P1PHKupyne71+14TtVOc7G/UYuI="></latexit><latexit sha1_base64="P1PHKupyne71+14TtVOc7G/UYuI="></latexit><latexit sha1_base64="P1PHKupyne71+14TtVOc7G/UYuI="></latexit><latexit sha1_base64="P1PHKupyne71+14TtVOc7G/UYuI="></latexit><latexit sha1_base64="P1PHKupyne71+14TtVOc7G/UYuI="></latexit>

Transverse modes

Z 1

�1

dp�

2⇡

�ie�ip�(t1�t0)

p2 + i✏
=

�1

2p+
⇥(p+)⇥(t1 � t0)e

�i
h

p2

2p+
�i✏

i
(t1�t0)

<latexit sha1_base64="tIUMGjP+mogs1Bwvw6xn3FW8DXs="></latexit><latexit sha1_base64="tIUMGjP+mogs1Bwvw6xn3FW8DXs="></latexit><latexit sha1_base64="tIUMGjP+mogs1Bwvw6xn3FW8DXs="></latexit><latexit sha1_base64="tIUMGjP+mogs1Bwvw6xn3FW8DXs="></latexit><latexit sha1_base64="tIUMGjP+mogs1Bwvw6xn3FW8DXs="></latexit>

• retarded propagator 

• i𝜖 prescription (“adiabatic turn-off”)
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p
<latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit><latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit><latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit><latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit><latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit>

pout
<latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit><latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit><latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit><latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit><latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit>

M({pout}, {p}) = (2⇡)3�(~p� ~pout)

Z 1

�1
dt0

Z 1

t0

dt1

⇥ eip
�
outt1�i({pout}, p)

1

2p+
e
�i p2

2p+
(t1�t0) �i(p, {pin})e�ip�t0

<latexit sha1_base64="CS2ziR4TdEsR4tXeXsyf5zvvOBQ="></latexit><latexit sha1_base64="CS2ziR4TdEsR4tXeXsyf5zvvOBQ="></latexit><latexit sha1_base64="CS2ziR4TdEsR4tXeXsyf5zvvOBQ="></latexit><latexit sha1_base64="CS2ziR4TdEsR4tXeXsyf5zvvOBQ="></latexit><latexit sha1_base64="CS2ziR4TdEsR4tXeXsyf5zvvOBQ="></latexit>

• we are left with “effective” vertices (sandwiched between projection 
operators) 

• explicit time dependence 

• hard vertex/short times: allow t0→0 in the propagator 

• propagator in mixed (transverse momentum & time) representation

�i({pout}, p) = Vµ({pout}, p)dµi(p)
<latexit sha1_base64="Az3nwsZ1hIe3+ILcMCl2gqeL35w="></latexit><latexit sha1_base64="Az3nwsZ1hIe3+ILcMCl2gqeL35w="></latexit><latexit sha1_base64="Az3nwsZ1hIe3+ILcMCl2gqeL35w="></latexit><latexit sha1_base64="Az3nwsZ1hIe3+ILcMCl2gqeL35w="></latexit><latexit sha1_base64="Az3nwsZ1hIe3+ILcMCl2gqeL35w="></latexit>
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VERTEX STRUCTURE

• vertex depends only on  

• rotational (Galilean) symmetry 

• similar procedure for quark splitting (dress with relevant 
spinors)
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= gfabc
⇥
g⌫⇢(�k � p)µ

+ gµ⇢(p+ q)⌫

+ gµ⌫(k � q)⇢
⇤

<latexit sha1_base64="Md3Adx01XUAAFElaUSPZuoMtRGs="></latexit><latexit sha1_base64="Md3Adx01XUAAFElaUSPZuoMtRGs="></latexit><latexit sha1_base64="Md3Adx01XUAAFElaUSPZuoMtRGs="></latexit><latexit sha1_base64="Md3Adx01XUAAFElaUSPZuoMtRGs="></latexit><latexit sha1_base64="Md3Adx01XUAAFElaUSPZuoMtRGs="></latexit>

p, E
<latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit><latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit><latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit><latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit><latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit>

k, zE
<latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit><latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit><latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit><latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit><latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit>

q, (1� z)E
<latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit><latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit><latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit><latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit><latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit>

krel = k � zp
<latexit sha1_base64="xbwSOOmLVndxLlY8OJfh/dayHZo="></latexit><latexit sha1_base64="xbwSOOmLVndxLlY8OJfh/dayHZo="></latexit><latexit sha1_base64="xbwSOOmLVndxLlY8OJfh/dayHZo="></latexit><latexit sha1_base64="xbwSOOmLVndxLlY8OJfh/dayHZo="></latexit><latexit sha1_base64="xbwSOOmLVndxLlY8OJfh/dayHZo="></latexit>

�ijl(k � zp, z) = dj⌫(k)diµ(p� k)V abc
µ⌫⇢(k � p,�k, p)d⇢l(p)

= 2gfabc


1

1� z
(k � zp)i�jl +

1

z
(k � zp)j�il � (k � zp)l�ij

�

<latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit><latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit><latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit><latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit><latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit>

�ijl(k � zp, z) = dj⌫(k)diµ(p� k)V abc
µ⌫⇢(k � p,�k, p)d⇢l(p)

= 2gfabc


1

1� z
(k � zp)i�jl +

1

z
(k � zp)j�il � (k � zp)l�ij

�

<latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit><latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit><latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit><latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit><latexit sha1_base64="r5ZfekZQBxjGoQ6+wqJaTmUadag="></latexit>
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CUT PROPAGATOR
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�i

p2 + i✏
! 2⇡�(p2)

<latexit sha1_base64="f435QCRRzxEPiya9tWbWi9RYVe4="></latexit><latexit sha1_base64="f435QCRRzxEPiya9tWbWi9RYVe4="></latexit><latexit sha1_base64="f435QCRRzxEPiya9tWbWi9RYVe4="></latexit><latexit sha1_base64="f435QCRRzxEPiya9tWbWi9RYVe4="></latexit><latexit sha1_base64="f435QCRRzxEPiya9tWbWi9RYVe4="></latexit> ×
p

<latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit><latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit><latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit><latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit><latexit sha1_base64="JQwj0PoJaaCeyBBtVBBUPrx6K+s="></latexit>

pout
<latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit><latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit><latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit><latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit><latexit sha1_base64="P0o79gOHyl5ml8X9PaiLg/TI2Ys="></latexit>

• no time ordering 

• no i𝜖 prescription

4-momentum conservation is restored in the absence 
of further interactions!

M({pout}, {p}) =
1

2p+
(2⇡)3�(~p� ~pout)

Z 1

�1
dt1 e

�i( p2

2p+
�p�

out)t1�i({pout}, p)

⇥
Z 1

�1
dt0 e

i( p2

2p+
�p�)t0�i(p, {pin})

=
1

2p+
(2⇡)3�(~p� ~pout)M⇤ ⇥M

<latexit sha1_base64="jus6Z5ZhhkxUwitCLX6Sm92SNZU="></latexit><latexit sha1_base64="jus6Z5ZhhkxUwitCLX6Sm92SNZU="></latexit><latexit sha1_base64="jus6Z5ZhhkxUwitCLX6Sm92SNZU="></latexit><latexit sha1_base64="jus6Z5ZhhkxUwitCLX6Sm92SNZU="></latexit><latexit sha1_base64="jus6Z5ZhhkxUwitCLX6Sm92SNZU="></latexit>
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SPLITTING AMPLITUDE
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p, E
<latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit><latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit><latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit><latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit><latexit sha1_base64="b2ZnM7RrvjRNqoxH+ia0IVpIquM="></latexit>

k, zE
<latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit><latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit><latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit><latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit><latexit sha1_base64="5HzfSvgbpBWBSlPHGqqSKkHSZ/8="></latexit>

q, (1� z)E
<latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit><latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit><latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit><latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit><latexit sha1_base64="hWkhC9g9OdMjwF7EyDgiSXcKfH4="></latexit>

(q, k|M1|p) = (2⇡)3�(~p� ~k � ~q)

Z 1

0
dt ei

k2

2zE tei
(p�k)2

2(1�z)E t �abc
ijk(k � zp, z)

1

2E
e
�i

h
p2

2zE�i✏
i
t

=
1

2E
(2⇡)3�(~p� ~k � ~q)�abc

ijk(k � zp, z)

Z 1

0
dt ei

(k�zp)2

2z(1�z)E te�✏t

<latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit><latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit><latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit><latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit><latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit>

(q, k|M1|p) = (2⇡)3�(~p� ~k � ~q)

Z 1

0
dt ei

k2

2zE tei
(p�k)2

2(1�z)E t �abc
ijk(k � zp, z)

1

2E
e
�i

h
p2

2zE�i✏
i
t

=
1

2E
(2⇡)3�(~p� ~k � ~q)�abc

ijk(k � zp, z)

Z 1

0
dt ei

(k�zp)2

2z(1�z)E te�✏t

<latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit><latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit><latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit><latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit><latexit sha1_base64="mfBQCA+yqvA1fNZMdrJpIgPASxg="></latexit>

tf =
2z(1� z)E

k2
rel

=
2E

m2
<latexit sha1_base64="+LzqqtxWQ7fZxU8GX4RPFjtiOMQ="></latexit><latexit sha1_base64="+LzqqtxWQ7fZxU8GX4RPFjtiOMQ="></latexit><latexit sha1_base64="+LzqqtxWQ7fZxU8GX4RPFjtiOMQ="></latexit><latexit sha1_base64="+LzqqtxWQ7fZxU8GX4RPFjtiOMQ="></latexit><latexit sha1_base64="+LzqqtxWQ7fZxU8GX4RPFjtiOMQ="></latexit>

Time-scale for splitting 
(formation time):

✓k ⇠ |k|
zE

⇠ (1� z)✓
<latexit sha1_base64="AW3DNKR2Oni7gfJW14ZmlyN0Bao="></latexit><latexit sha1_base64="AW3DNKR2Oni7gfJW14ZmlyN0Bao="></latexit><latexit sha1_base64="AW3DNKR2Oni7gfJW14ZmlyN0Bao="></latexit><latexit sha1_base64="AW3DNKR2Oni7gfJW14ZmlyN0Bao="></latexit><latexit sha1_base64="AW3DNKR2Oni7gfJW14ZmlyN0Bao="></latexit>
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1-GLUON SPECTRUM

!15

d�

d⌦kd⌦p
=

1

2(N2
c � 1)

|(k|M1|p)|2
d�

d⌦p
<latexit sha1_base64="2DLxvNaKgT1KqL4olpk4aEp3NKc="></latexit><latexit sha1_base64="2DLxvNaKgT1KqL4olpk4aEp3NKc="></latexit><latexit sha1_base64="2DLxvNaKgT1KqL4olpk4aEp3NKc="></latexit><latexit sha1_base64="2DLxvNaKgT1KqL4olpk4aEp3NKc="></latexit><latexit sha1_base64="2DLxvNaKgT1KqL4olpk4aEp3NKc="></latexit>

(k|M1|p) = i
z(1� z)

(k � zp)2
�abc
ijk(k � zp, z)

<latexit sha1_base64="zrMp+TLIbJORo8Gex3If0dtmq0Q="></latexit><latexit sha1_base64="zrMp+TLIbJORo8Gex3If0dtmq0Q="></latexit><latexit sha1_base64="zrMp+TLIbJORo8Gex3If0dtmq0Q="></latexit><latexit sha1_base64="zrMp+TLIbJORo8Gex3If0dtmq0Q="></latexit><latexit sha1_base64="zrMp+TLIbJORo8Gex3If0dtmq0Q="></latexit>

We will focus on the soft limit: z ⌧ 1
<latexit sha1_base64="bYV1L1peLVDCvw1WVr/wRIZvMSU="></latexit><latexit sha1_base64="bYV1L1peLVDCvw1WVr/wRIZvMSU="></latexit><latexit sha1_base64="bYV1L1peLVDCvw1WVr/wRIZvMSU="></latexit><latexit sha1_base64="bYV1L1peLVDCvw1WVr/wRIZvMSU="></latexit><latexit sha1_base64="bYV1L1peLVDCvw1WVr/wRIZvMSU="></latexit>

Proportional to strong coupling constant & color factor of emitter.

dN ' ↵sNc

⇡

dz

z

dk2
rel

k2
rel

<latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit><latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit><latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit><latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit><latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit>

Spectrum of emitted gluons:

�ijl '
2

z
gfabckj

rel�
il

<latexit sha1_base64="UtOiARwKzKTqm7nG3JqUnL7aPyI="></latexit><latexit sha1_base64="UtOiARwKzKTqm7nG3JqUnL7aPyI="></latexit><latexit sha1_base64="UtOiARwKzKTqm7nG3JqUnL7aPyI="></latexit><latexit sha1_base64="UtOiARwKzKTqm7nG3JqUnL7aPyI="></latexit><latexit sha1_base64="UtOiARwKzKTqm7nG3JqUnL7aPyI="></latexit>

�2 ' 8g2

z2
Nc(N

2
c � 1)k2

rel
<latexit sha1_base64="3acFH0Vc0h//46QEw2xSYuNYff0="></latexit><latexit sha1_base64="3acFH0Vc0h//46QEw2xSYuNYff0="></latexit><latexit sha1_base64="3acFH0Vc0h//46QEw2xSYuNYff0="></latexit><latexit sha1_base64="3acFH0Vc0h//46QEw2xSYuNYff0="></latexit><latexit sha1_base64="3acFH0Vc0h//46QEw2xSYuNYff0="></latexit>

⇒
[For finite z, we would obtain the Altarelli-Parisi splitting function.]
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dN = 2
↵sNc

⇡

dz

z

d✓

✓
<latexit sha1_base64="3GNLl11PhpbjE+oqFQ9D9Q1q48A="></latexit><latexit sha1_base64="3GNLl11PhpbjE+oqFQ9D9Q1q48A="></latexit><latexit sha1_base64="3GNLl11PhpbjE+oqFQ9D9Q1q48A="></latexit><latexit sha1_base64="3GNLl11PhpbjE+oqFQ9D9Q1q48A="></latexit><latexit sha1_base64="3GNLl11PhpbjE+oqFQ9D9Q1q48A="></latexit>

Spectrum is suppressed by 𝛼s: why should we care?

Soft emission:

Collinear emission: 

In both cases, the spectrum diverges!?

Perturbative condition: k?  Q0 ⇠ ⇤QCD
<latexit sha1_base64="SGib49xgrnEaqyICaTvlkuZNQcw="></latexit><latexit sha1_base64="SGib49xgrnEaqyICaTvlkuZNQcw="></latexit><latexit sha1_base64="SGib49xgrnEaqyICaTvlkuZNQcw="></latexit><latexit sha1_base64="SGib49xgrnEaqyICaTvlkuZNQcw="></latexit><latexit sha1_base64="SGib49xgrnEaqyICaTvlkuZNQcw="></latexit>
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• smallness of the coupling constant compensated 
by large phase space 

- double-logarithmic approximation 

- improvements include single-log contributions

!17

N =
↵sCF

⇡
2

Z 1

Q0/E

dx

x

Z 1

Q0/(xE)

d✓

✓
=

↵sCF

⇡
log2

E

Q0

Intra-jet processes:

log resummations (N…LL)

k? ⌧ k+ ⌧ p+

N ⇠ ↵

⇡
log2 E & 1

Inter-jet processes:

fixed-order (N…LO)

k? ⇠ k+ ⇠ p+

N ⇠ ↵

⇡
⌧ 1
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MULTI-GLUON EMISSIONS

• soft & collinear emissions: need to consider 
emissions of multiple gluons 

• can we simply reiterate single-emission formula? 

• for photons in QED: yes! 

• for gluons in QCD: no! there are interferences!

!18

. . .⇒ ⇒

⇔
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ANTENNA SPECTRUM

!19

(k|M|p1, p2) = 2g


Q1

k � !n1

(k � !n1)2
+Q2

k � !n2

(k � !n2)2

�

<latexit sha1_base64="S3pi+ZrC5wZfTivbnB7Viq67jjM="></latexit><latexit sha1_base64="S3pi+ZrC5wZfTivbnB7Viq67jjM="></latexit><latexit sha1_base64="S3pi+ZrC5wZfTivbnB7Viq67jjM="></latexit><latexit sha1_base64="S3pi+ZrC5wZfTivbnB7Viq67jjM="></latexit><latexit sha1_base64="S3pi+ZrC5wZfTivbnB7Viq67jjM="></latexit>

ni ⌘ pi/Ei
<latexit sha1_base64="GsFaNQUDMRXYbwGfnCTlpPjn4F4="></latexit><latexit sha1_base64="GsFaNQUDMRXYbwGfnCTlpPjn4F4="></latexit><latexit sha1_base64="GsFaNQUDMRXYbwGfnCTlpPjn4F4="></latexit><latexit sha1_base64="GsFaNQUDMRXYbwGfnCTlpPjn4F4="></latexit><latexit sha1_base64="GsFaNQUDMRXYbwGfnCTlpPjn4F4="></latexit>

Q2
q = CF

Q2
g = CA

quark (color) charge

gluon (color) charge

⇒Q2
1 +Q2

2 + 2Q1 · Q2 = Q2
3

<latexit sha1_base64="HL+I8AWCqDtsLBgrxDfX02gJi5I="></latexit><latexit sha1_base64="HL+I8AWCqDtsLBgrxDfX02gJi5I="></latexit><latexit sha1_base64="HL+I8AWCqDtsLBgrxDfX02gJi5I="></latexit><latexit sha1_base64="HL+I8AWCqDtsLBgrxDfX02gJi5I="></latexit><latexit sha1_base64="HL+I8AWCqDtsLBgrxDfX02gJi5I="></latexit>

Q1 · Q2 =
1

2

�
Q2

3 �Q2
2 �Q2

1

�
<latexit sha1_base64="zWebjCDsBKv9BFVtjSKldr1njkU="></latexit><latexit sha1_base64="zWebjCDsBKv9BFVtjSKldr1njkU="></latexit><latexit sha1_base64="zWebjCDsBKv9BFVtjSKldr1njkU="></latexit><latexit sha1_base64="zWebjCDsBKv9BFVtjSKldr1njkU="></latexit><latexit sha1_base64="zWebjCDsBKv9BFVtjSKldr1njkU="></latexit>
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RESTRICTION OF PHASE SPACE

!20

|(k|M|p1, p2)|2 = 4g2
⇥
Q2

1P1 +Q2
2P2 +Q2

3P12

⇤
<latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit><latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit><latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit><latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit><latexit sha1_base64="vBDw0qPB2c0WeJgr60aFNn9evMw="></latexit><latexit sha1_base64="KEc9QyjkCqmueuZeE9MSgv43qtk="></latexit><latexit sha1_base64="KEc9QyjkCqmueuZeE9MSgv43qtk="></latexit><latexit sha1_base64="JA4xPcPDq2a3D3yJlbp2jm5LHtU="></latexit><latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit><latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit><latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit><latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit><latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit><latexit sha1_base64="ARUDrrJ4ZXEa3y3stuBvKovXJHc="></latexit>

Z 2⇡

0

d'

2⇡
P1 =

1

k2
rel

⇥(✓12 � ✓k)
<latexit sha1_base64="x2tcOyEBYlOw/X1znpadzIHt0gQ="></latexit><latexit sha1_base64="x2tcOyEBYlOw/X1znpadzIHt0gQ="></latexit><latexit sha1_base64="x2tcOyEBYlOw/X1znpadzIHt0gQ="></latexit><latexit sha1_base64="x2tcOyEBYlOw/X1znpadzIHt0gQ="></latexit><latexit sha1_base64="x2tcOyEBYlOw/X1znpadzIHt0gQ="></latexit>

dN ' ↵sNc

⇡

dz

z

dk2
rel

k2
rel

<latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit><latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit><latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit><latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit><latexit sha1_base64="Kyae0oaXJK7JTYQ1AH1RO8c5wUI="></latexit>

dN ' ↵sNc

⇡

dz

z

dk2
rel

k2
rel

⇥(✓12 � ✓k)
<latexit sha1_base64="BUyxULqqh58NBCxASyTOj9Xl1ug="></latexit><latexit sha1_base64="BUyxULqqh58NBCxASyTOj9Xl1ug="></latexit><latexit sha1_base64="BUyxULqqh58NBCxASyTOj9Xl1ug="></latexit><latexit sha1_base64="BUyxULqqh58NBCxASyTOj9Xl1ug="></latexit><latexit sha1_base64="BUyxULqqh58NBCxASyTOj9Xl1ug="></latexit>

P1 =
1

(k � !n1)2


1� (k � !n1) · (k � !n2)

(k � !n2)2

�

<latexit sha1_base64="kBZ/75zR4rVDqh6gOXxx324PRmo="></latexit><latexit sha1_base64="kBZ/75zR4rVDqh6gOXxx324PRmo="></latexit><latexit sha1_base64="kBZ/75zR4rVDqh6gOXxx324PRmo="></latexit><latexit sha1_base64="kBZ/75zR4rVDqh6gOXxx324PRmo="></latexit><latexit sha1_base64="kBZ/75zR4rVDqh6gOXxx324PRmo="></latexit>

Coherent spectrum

⇒
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COLOR MAGIC

!21

!"#$%&'("()(*+$#(,"-./"+01(*(2+("3*0%"41("

567*8972:567*8"724(227"

;<*0%"=7#$+#"03"&(*46*>7:?("-./@"/08#1$4A(*@"B10A(@"C6(''(*@"D*0E72"FGHHGIJ""

large-angle emissions 
are restored with the 

total charge!

⇥
dNg

d⇥d2k�
⇥ �sCF

k2�
+ (q � q̄)

� � �qq̄ (k� � ⇥�qq̄)

Quark @ small angles

⇥
dNg

d⇥d2k�
� �sCA

k2�

� � �qq̄ (k� � ⇥�qq̄)

Gluon @ large angles

In MCs, this is implemented as condition of angular 
ordered emissions.
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QCD PARTON SHOWER

!22

hadronization
⇠

100
fm

<latexit sha1_base64="7j34lZN1ZBU6CVDPIsUcxPI8W+I="></latexit><latexit sha1_base64="7j34lZN1ZBU6CVDPIsUcxPI8W+I="></latexit><latexit sha1_base64="7j34lZN1ZBU6CVDPIsUcxPI8W+I="></latexit><latexit sha1_base64="7j34lZN1ZBU6CVDPIsUcxPI8W+I="></latexit><latexit sha1_base64="7j34lZN1ZBU6CVDPIsUcxPI8W+I="></latexit>

tf,1
<latexit sha1_base64="05ko0Kkoe7ka4Bs5yn1LygcHLrQ="></latexit><latexit sha1_base64="05ko0Kkoe7ka4Bs5yn1LygcHLrQ="></latexit><latexit sha1_base64="05ko0Kkoe7ka4Bs5yn1LygcHLrQ="></latexit><latexit sha1_base64="05ko0Kkoe7ka4Bs5yn1LygcHLrQ="></latexit><latexit sha1_base64="05ko0Kkoe7ka4Bs5yn1LygcHLrQ="></latexit>

tf,2
<latexit sha1_base64="2iwrRg1pUSJlmnvhzIaql0fsZzw="></latexit><latexit sha1_base64="2iwrRg1pUSJlmnvhzIaql0fsZzw="></latexit><latexit sha1_base64="zAd04uToTBneLJdK4CRyPL6LN6k="></latexit><latexit sha1_base64="zAd04uToTBneLJdK4CRyPL6LN6k="></latexit><latexit sha1_base64="zAd04uToTBneLJdK4CRyPL6LN6k="></latexit><latexit sha1_base64="zAd04uToTBneLJdK4CRyPL6LN6k="></latexit>

tf,3
<latexit sha1_base64="u+tuviN+Y2OKJmrQuf0BpJXzK38="></latexit><latexit sha1_base64="u+tuviN+Y2OKJmrQuf0BpJXzK38="></latexit><latexit sha1_base64="u+tuviN+Y2OKJmrQuf0BpJXzK38="></latexit><latexit sha1_base64="u+tuviN+Y2OKJmrQuf0BpJXzK38="></latexit><latexit sha1_base64="u+tuviN+Y2OKJmrQuf0BpJXzK38="></latexit>

R
<latexit sha1_base64="IFTO0uA94Rw2T40tP/M8myxTW78="></latexit><latexit sha1_base64="IFTO0uA94Rw2T40tP/M8myxTW78="></latexit><latexit sha1_base64="IFTO0uA94Rw2T40tP/M8myxTW78="></latexit><latexit sha1_base64="IFTO0uA94Rw2T40tP/M8myxTW78="></latexit><latexit sha1_base64="IFTO0uA94Rw2T40tP/M8myxTW78="></latexit>

Leading-logarithmic approximation: (strongly) ordered in 
energies, angles and, therefore, formation times

transverse 
scale

Q ⇠ ER
<latexit sha1_base64="2oKdJgYLK6A/DSnTBidqCgzlMr0="></latexit><latexit sha1_base64="2oKdJgYLK6A/DSnTBidqCgzlMr0="></latexit><latexit sha1_base64="2oKdJgYLK6A/DSnTBidqCgzlMr0="></latexit><latexit sha1_base64="2oKdJgYLK6A/DSnTBidqCgzlMr0="></latexit><latexit sha1_base64="2oKdJgYLK6A/DSnTBidqCgzlMr0="></latexit>

Q ⇠ ⇤QCD
<latexit sha1_base64="w5uilJS6MYpoU4QkEDHw5ZGhRqs="></latexit><latexit sha1_base64="w5uilJS6MYpoU4QkEDHw5ZGhRqs="></latexit><latexit sha1_base64="w5uilJS6MYpoU4QkEDHw5ZGhRqs="></latexit><latexit sha1_base64="w5uilJS6MYpoU4QkEDHw5ZGhRqs="></latexit><latexit sha1_base64="w5uilJS6MYpoU4QkEDHw5ZGhRqs="></latexit>

tf ⇠
1

E
<latexit sha1_base64="Ht+CI5i10u1j3tr74pEBnGawB8k="></latexit><latexit sha1_base64="Ht+CI5i10u1j3tr74pEBnGawB8k="></latexit><latexit sha1_base64="Ht+CI5i10u1j3tr74pEBnGawB8k="></latexit><latexit sha1_base64="Ht+CI5i10u1j3tr74pEBnGawB8k="></latexit><latexit sha1_base64="Ht+CI5i10u1j3tr74pEBnGawB8k="></latexit>

tf ⇠
E

⇤2
QCD

<latexit sha1_base64="IeR+ei/b0DzuNQStUj4GAMiGrgI="></latexit><latexit sha1_base64="IeR+ei/b0DzuNQStUj4GAMiGrgI="></latexit><latexit sha1_base64="IeR+ei/b0DzuNQStUj4GAMiGrgI="></latexit><latexit sha1_base64="IeR+ei/b0DzuNQStUj4GAMiGrgI="></latexit><latexit sha1_base64="IeR+ei/b0DzuNQStUj4GAMiGrgI="></latexit>

time-
scale
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A extensive “technology” developed to make sense of images 
such as these:

Aim: link experimental measurements w/ theoretical expectations.
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SUMMARY

• separation of short- and long-distance 
processes 

- perturbative calculations w/ quarks & gluons 

• gluon emissions 

- bring about (IR) divergencies 

- soft & collinear radiation: we have to resum 
multiple emissions 
➡ perturbative evolution
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